In this study we presented a theoretical investigation of the channeling of high energy protons with the radial deformed (10, 0)@(5, 0) double-wall carbon nanotubes (DWNTs). Proton energy is varied from 0.1 to 10 GeV. The channeling potential within the deformed DWNTs is presented. A Monte Carlo (MC) simulation is used to obtain spatial and angular distributions of channeled protons with radially deformed DWNTs. We treated problem relativistically. This is the first time that we presented spatial and angular distributions of channeled protons with radially deformed DWNTs. Our results show that the spatial and angular distributions depend strongly of nanotube lengths, proton energy, and especially of level of radial deformation of nanotube. Multi-wall nanotubes (MWNTs) can be technically realised with better channeling performance then single-wall nanotubes (SWNTs) and that is why we believe that these results may be useful for production and guiding of nanosized ion beams.
Introduction
After the discovery of the carbon nanotubes in 1991 [1] , a lot of theoretical groups started to work on theoretical modeling and computer simulation of ion channeling through carbon nanotubes .
Klimov and Letokhov [2] predicted that carbon nanotubes could be used to channel positively charged particles. They modeled ion channeling in GeV energy range. Detailed study about the influence of the nanotube diameter on the channeling high energy ion beams has been performed and reported by Biryukov and Bellucci [6] . Theoretical modeling of ion channeling in MeV energy range through carbon nanotubes (where dynamic polarization of nanotube electrons play an important role) has been also studied [17, 18, 21] . Krasheninnkov and Nordlund [8] have been investigated channeling of low energy Ar + ions through carbon nanotubes.
While theoretical approach reached a mature level, the experimental advancement in this area is still in its infancy. The most challenging task in such experiments still is to solve the problems of ordering, straightening and holding nanotubes. Experimental evidence of ion channeling through carbon nanotubes has been reported by Zhu et al. [30] . They successfully measured channeling of He + ions of the energy of 2 MeV through carbon nanotubes. The first experimental results on electron channeling through carbon nanotubes has been reported by Chai et al. [31] . They studied the transport of electrons of the energy of 300 keV through the well aligned MWNTs. The lengths of nanotubes was 0.7-3.0 µm and misalignment of the nanotubes was up to 1 • .
If we apply external mechanical stress on carbon nanotube, radial deformation can appear [32, 33] . Also, carbon nanotube can be radially deformed if we apply external electric field [34, 35] or if we use atomic force microscope [34] . Radial deformation of carbon nanotubes can influence on the mechanical and electronic properties [32] [33] [34] [35] , and presence of defects and deformations might have large influence of nanotube's channeling properties. The channeling potential in deformed SWNTs has been investigated by Abu-Assy and Saliman [36] .
This work is continuation of our previous investigation [37] . In the present work we have presented a theoretical investigation of the channeling of high energy protons with the radial deformed (10, 0)@(5, 0) DWNTs. Proton energy is varied from 0.1 to 10 GeV. For the first time we presented theoretically obtained spatial and angular distributions of channeled protons with radially deformed DWNTs.
We organized paper in the following way. In Section 2 we explained the process of ion channeling in carbon nanotubes. In Section 3 we presented and discussed channeling potential of radial deformed DWNT. Also, we obtained and presented the spatial and angular distributions of protons channeling through radial deformed DWNTs. The concluding remarks are given in Section 4.
Theory
Nanotubes can be the single-wall (SW), double-wall (DW) or multi-wall (MW) ones, depending on the number of cylinders they include. In this paper we consider the DWNTs as a straight coaxial cylinders with a circular or elliptical cross-section, depending on whether the radial deformation does not exist or exist, respectively (see Figure 1 ). We used classical approach to consider interaction of the proton and a carbon nanotube atoms. Reasons are the following: A 0.1 GeV energy proton has a velocity of v = 58.8619 a.u. (c = 137.0355 a.u.), a rest mass of m 0 = 1822.9 a.u., a relativistic mass of m r = 2018.61 a.u. and a wavelength λ = 2.7983 × 10 (−6) nm. A 1 GeV energy proton has a velocity of v = 120.0474 a.u., a relativistic mass of m r = 3779.97 a.u. and a wavelength λ = 7.3271 × 10 (−7) nm. In both cases lambda is much smaller than the bond length between nanotube atoms (0.144 nm) [38] . For higher energies wavelength λ is even smaller. That is why we treat this problem classically. Also, it is shown that transverse motion of protons can be treated classically [6, 28] even for lower energies than energy considered in our paper. Even in case of light particles, e.g., electron (positron) energies about 10 MeV it becomes possible to use classical mechanics [10] because the number of transverse states in the axial potential wells grows approximately linearly with the particle energy E [10] . Very similar analysis of motion of charged particles are considered [4, 39] , but in the case of charged particles of much lower energies quantum approach should be applied [10, 25, 29] . We want to stress that in case of proton channeling through Si crystal, using very similar theoretical model and classical approach (3.2 MeV protons) with Moliere continuum potential approximation we get very nice agreement between theoretical calculation and experiment (see Figures 3 and 4 from reference [40] ). Also, theoretical predictions from Figure 1 from reference [40] , case of 10 MeV protons give nice agreement with later experiments [41] [42] [43] .
We adopt the right Cartesian coordinate system with the z axis coinciding with the nanotube axis, where the origin lies in the entrance plane of the nanotube, and the x and y axes are the horizontal and vertical axes, respectively. Proton initial velocity is along −z direction. The lengths of the nanotubes, L, are in the range of few µm, i.e., large enough to allow us to ignore the influence of the nanotube edges and, at the same time, small enough to neglect the energy losses of channeled protons. We can neglect dynamic polarization effects of carbon nanotube valence electrons [13, 14] .
For energy range investigated in this paper (>0.1 GeV) dynamic polarization of valence electrons in the nanotubes can be omitted. For keV energies protons strong dynamic polarization of valence electrons in the nanotubes should be taken into account. This effect can give rise to a strong image force on the protons, as well as a considerable energy loss due to the collective, or plasma, electron excitations [13, 14, 18, 44] .
The proton equations of motion that we are solving are the following:
where m r = m 0 / 1 − (v/c) 2 is the relativistic proton mass and m 0 is its rest mass, v is the intensity of the velocity vector of the proton and c is the speed of light. The continuum model approximation is assumed [45] . The proton nanotube interaction potential U(x, y) as a function of the proton-atom distance r can be expressed through the Molière's approximation of the Thomas-Fermi interaction potential [46] V(r) in the following form:
where the k-th term in the sum represents the continuum interaction potential of the proton and the k-th atomic string, with the distance d between average centres of two adjacent carbon atoms along the row, while the ρ k is the distance between the proton and k-th string. The total number of atomic strings in the nanotube is indicated by J. In our case of DWNTs(10, 0)@(5, 0) J = 30 (see Figure 1 ). The spatial and angular distributions of transmitted protons are generated using a Monte Carlo computer simulation code. The components of the proton impact parameter, x 0 and y 0 , are chosen randomly from a uniform distribution within the cross-sectional area of the nanotube and its entrance plane. The angle of the velocity vector of a proton with respect to the channel axis is relatively small and it remains small during proton channeling through the entire length of the nanotube [10] , smaller than the critical angle for channeling. Channeled protons do not approach nanotube walls at distances which are shorter than the screening radius a sc of the C atoms, because if a proton approaches the nanotube wall at a distance smaller than a sc we consider it to undergo hard collision with a carbon atom giving rise to a deflection angle larger than the critical angle for channeling. Such proton is considered as dechanneled and we no longer follow its trajectory in our simulation. In ion channeling experiments, the always present question is of ion beam divergence. Technically, it is not problem to obtain low ion beam divergence well below 1 • [42, 43] . In this paper we investigate only ideal proton beam divergence of 0 • . In our previous work of proton channeling with straight, ideal SWNT we also studied case when the initial proton velocity is not parallel to the nanotube axis. We show that, as the proton incident angle increases and approaches the critical angle for channeling, a ring-like structure is developed in the angular distribution -donut effect [21, 24] . Probably, the same situation will occur in case of DWNT and MWNT. Because it is much easier to produce straight and well aligned nanocapillary than nanotube, there are a lot of experimental and theoretical researches of ion guiding with nanocapillary, see the following papers and references therein [47] [48] [49] .
Results and Discussion
The results are presented for radially deformed nanotubes characterized by the parameter η. The radial deformation is obtained by squeezing the nanotube in the y direction and elongating in the x direction and it is characterized by a dimensionless parameter η: η = (R − R y )/R, where R y is semi-minor axis and R is the radius of underfomed nanotube [34] . The intersection of the nanotube with the transverse plane gives an ellipse with semi-major axis R x and semi-minor axis R y (see Figure 1) . On the other hand, the semi-axis can be expressed as a function of the radius R of the underfomed nanotube and the parameter η in the form of R x = R(1 − η) −1 and R y = R(1 − η). It is obvious from Figure 1 that the radial cross section of the nanotube can take different forms in case of different degrees of radial deformation.
We study the relatively small radial deformation, i.e., three cases η = 0.1, 0.2 and 0.3. The radius of carbon nanotube R is determined by following equation:
where the (n, m) represents chiral index and l represents interatomic length (the bond length between carbon atoms ≈0.144 nm).
The position of the carbon atom of the k-th atomic string in a plane perpendicular to the nanotube axis is determined by the angle:
relative to the semi-major axis and the distance from the center of the SWNT [36] :
The interaction potential can be represented in the following form:
where Z 1 = 1 and Z 2 = 6 are the atomic numbers of the proton and carbon atom, respectively, e is the elementary charge,
, where a t f = (9π 2 /(128Z 2 )) 1/3 a 0 is the screening Thomas-Fermi radius and a 0 is Bohr radius. In case of our study DWNT(10, 0)@(5, 0) consists of SWNT(10, 0) and SWNT(5, 0). In Equation (4) we put n = 10, m = 0 for SWNT(10, 0), and n = 5, m = 0 for SWNT(5, 0) in order to get radii R of both nanotubes R SW NT(10, 0) and R SW NT(5, 0) , respectively. In Equation (5) we put number of atomic strings N = 20 for SWNT (10, 0) , and N = 10 for SWNT(5, 0) (see Figure 1) , in order to get θ k of both nanotubes, i.e., θ k,SW NT(10, 0) and θ k,SW NT(5, 0) . Using Equations (4)- (7) We will first analyze the contour plot of the channeling potential U(x, y) in the xy plane of DWNTs(10, 0)@(5, 0) with perfect straight nanotube and with nanotube under radial strains. After that we will present and discuss corresponding spatial and angular distributions for different proton initial energies E and for different nanotube lengths L. Figure 2 shows contour plots of the channeling potential U(x, y) in the xy plane of DWNTs(10, 0)@(5, 0) for perfect nanotube and for nanotubes under three different radial strains. The case η = 0 represents perfect straight nanotube. The potential is changing very quickly near the nanotube wall i.e., close to atomic rows and the changing of potential is very slowly near the nanotube center. The minimum value of potential is at the nanotube center. As the value of radial deformation strain increases the contour plot of channeling potential get more elliptical shape (with increase of ellipse eccentricity). We can conclude that there is high influence of values of radial strains on the nanotube channeling potential. The areas with higher proton yield are designated by darker shading. We can notice that the under higher radial strains spatial distributions obtain the elliptical shape with increase of ellipse eccentricity. We can spot 20 maxima of proton yield lying in-between the atomic rows in the peripheral region and 10 maxima in the middle region of spatial distributions. These 10 maxima connect central structure in the spatial distribution with peripheral structure. The appearance of the 20 maxima is connected to the symmetry of the transverse geometrical structure of the nanotube, which consists of 20 atomic strings in the peripheral region (due to the outer nanotube) and 10 maxima in the middle region (due to the inner nanotube). Figure 4 shows angular distributions which correspond to spatial distributions presented in Figure 3 . These are the cases of protons channeled in the radially deformed DWNTs(10, 0)@(5, 0) under different radial strains: η = 0, 0.1, 0.2 and 0.3. In the corresponding angular distributions, 10 maxima in the very peripheral region are pronounced. These maxima are due to inner nanotube. We can notice that the transverse geometrical structure of the nanotube is deducible from the angular distribution only in case of smaller radial strains: η = 0 and 0.1. (Figure 3 ) influenced strongly the shape of spatial distributions. Also, under different radial strains we obtain a significant redistribution of the proton flux within the nanotubes. Figure 7 presents the spatial distributions of protons channeled in the radially deformed DWNTs(10, 0)@(5, 0) for different proton energies: E = 0.1, 0.5, 2 and 10 GeV. We performed calculation for radial strain η = 0.1 and for nanotube length L = 1 µm. We fixed radial strain and length of nanotube and vary initial proton energy. We can see that the spatial distribution of protons within the nanotube is very dependent of initial proton energy. If the proton initial energy is higher, proton dwell time in nanotube is shorter and spatial distribution is less smeared out. Figure 8 presents the angular distributions of protons channeled in the radially deformed DWNTs(10, 0)@(5, 0) for different proton energies: E = 0.1, 0.5, 2 and 10 GeV, the radial strain is η = 0.1 and the nanotube length is L = 1 µm. These angular distributions correspond to spatial distributions presented in Figure 7 . We can notice that the shapes and dimensions of obtained angular distribution are very dependent on initial proton energy. If the proton initial energy is higher, dimension of angular distribution is smaller. Figure 9 presents the spatial distributions of protons channeled in the radially deformed DWNTs(10, 0)@(5, 0) for different nanotube lengths: L = 1, 3, 5 and L = 7 µm. The radial strain is η = 0.1 and the proton incidence energy is E = 10 GeV. We fixed radial strain of nanotube and proton initial energy and vary nanotube length. It can be seen that the obtained spatial distributions are very dependent on nanotube lengths. Figure 10 presents the angular distributions of protons channeled in the radially deformed DWNTs(10, 0)@(5, 0) for different nanotube lengths: L = 1, 3, 5 and L = 7 µm. The radial strain is η = 0.1 and the proton incidence energy is E = 10 GeV. It can be seen that if the nanotube length increase the angular and corresponding spatial distributions (see Figure 9 ) are more smeared out and it is harder to deduce transverse structure of the nanotube.
Like in previous investigation with SWNTs [37] , we can conclude that the both, spatial and angular distributions are very sensitive to the value of radial strain and nanotube length. Also, they are very sensitive to the value of incidence proton energy [22] . These effect can be used to manipulate proton yields within the nanotube. The transverse geometrical structure of the nanotube is easier to deduce from the angular distribution in case of shorter nanotubes, smaller radial strains and higher incidence proton energy. 
Conclusions
Here, we have analyzed in theoretical manner the channeling of high energy protons through the radial deformed DWNTs(10, 0)@(5, 0). Proton energy is varied from 0.1 to 10 GeV and nanotube length L is varied from 1 to 7 µm. In our calculation we take into account the different degrees of radial deformation of the DWNTs, i.e., we performed calculation for perfect nanotube and under three different radial strains: η = 0.1, 0.2 and 0.3. We presented a contour plots of nanotube channeling potential. Also, for the first time we presented theoretically obtained spatial and angular distributions of channeled protons with radially deformed DWNTs. Monte Carlo simulation method was used to compute the spatial and angular distributions of channeled protons. The analysis has been done using the Molière's expression for the continuum potential of the nanotube atoms.
We showed that the spatial and angular distributions of channeled protons depend strongly on the radial strain, length of nanotube and the initial energy of channeled protons. We take into account the effect of the radial deformation because majority of nanotubes are radially deformed. We performed calculation for DWNTs, because experimental evidence of ion and electron channeling through carbon nanotubes has been reported with MWNTs [30, 31] , because it is harder to solve the problems of ordering, straightening and holding SWNTs than MWNTs. Also, the analysis shows that for short length of nanotubes and low value of radial deformation (η = 0.1) the transverse geometrical structure of the nanotubes can be deduced from the angular distribution (we can identify the type of nanotube, i.e., in case of DWNT we can determine inner and outer nanotube). We believe that detailed study of protons channeling through deformed DWNT may be useful to give us detailed information on the relevant interaction potentials inside nanotubes and for creating and guiding nanosized ion beams.
